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Pe3zrome

Heas. Bemonauts ananu3 ypasaenuit C.JI. Myppes ¢ yCTaHOBJICHHEM aHAIUTHYECKOH M TpauuecKoi
3aBHCUMOCTH MEXIY CO00H yriIoB OTKIOHEHHUH COCYIOB B MUKPOCOCYAHCTOM Y3JI€.

Metoauka. Pemaercs cucrema ypaBHeHUM Myppes, OINHMCHIBAaIONAsd MHUKPOCOCYIUCTBIA  y3el
KPOBEHOCHOW CHCTEMBI YeJIOBEKa HJIU KUBOTHOTO. C IMOMOIIBIO anmapara JIMHEHHON anreOpbl ToKa3aHa
JMUHENHHas 3aBUCUMOCTh CUCTEMBI ypaBHeHUN Myppes. [103ToMy 0HO ypaBHEHHE CUCTEMBbl YpaBHEHUI
3aMCHIWJIM Ha YpaBHEHUE HEPAa3pbIBHOCTH IOTOKAa KpOBU. PerieHHeM HOBOM cHUCTEMbI ypaBHEHUI
SIBJISICTCSI YPaBHEHUE IJIsl YIJIOB MUKPOBACKYJSPHOIO y3ja, paHee He BCTpeuaBlleecs B JIUTEpaType.
YpaBHEHHE pemraeTcsi ¢ MOMOIIpI0 MareMatndeckux naketoB MATCAD m anropuTMHYECKOTO SI3bIKa
Python.

Pesyabrarnl. IlonyueHo ypaBHEHHME [Jid YIVIOB OTKJIOHEHWH JApyr OT Jipyra COCyJOB B Yy3lie
MHUKPOCOCYJUCTON KPOBEHOCHOM CETH YEJIOBEKA WIIM KMBOTHOTO. YpaBHEHHME PEIICHO Ha KOMIIBIOTEDE,
ucnons3oBaB Matematndeckuil nmaker MATCAD, a Ttakxe anropurMmuueckuil a3k Python. B wurtore
JaHa rpaduyeckas 3aBUCUMOCTb MEKAY COOOH YIJIOB OTKIIOHEHHH COCYZOB B MHKPOCOCYAHMCTOM Y3JI€
KPOBCHOCHOH CHCTEMBI, IOCTPOEH TpadyK 3aBUCHMOCTH OJHOTO yIia oOT japyroro. IIpuBeneHs
TpexMepHble TpaduKu (QYHKIMHA, OMMCHIBAIONIMX 3aBHCHMOCTH YIJIOB OTKJIOHEHHH COCYHOB IpPYyTr OT
Jpyra B y3j1€ KPOBEHOCHOI CUCTEMBI.

3akiaouyeHue. BpiBeeHHOEe ypaBHEHHME MJid YIJIOB OTKJIOHEHUW JApPYyTr OT JApyra COCYIOB B y3Ie
KPOBEHOCHOM CHCTEMBl HMEET MPAKTUUYECKOE MPUMEHEHHE MPU MOCTPOCHUH HCKYCCTBEHHBIX
KalUIAPHBIX CETEH, a TaKKe Pa3BETBICHHBIX TPYOONPOBOJHBIX CETCH ISl ONTHUMAILHOW, B CMBICIIE
3aTpaTa dHEpPruM, nepekadykn HedTH, ra3za u Jr000# xuakoctu. llodydeHHOE ypaBHEHHE MOXET OBITh
KCTIOJIb30BAHO JJISI 3KCIIEPUMEHTAILHON MPOBEPKHU ypaBHEHU Myppesi.

Kntouesvie cnosa: ypaBHenms Myppes, npaBuia OudpypKkanuyd KaOWDISIPHBIX CETEeH, MPUHIIHIL
ONTUMATBHOCTH JUISI MUKPOCOCYJUCTBIX y3JI0B
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Abstract

Objective. Analysis of the Murray’s equations, obtaining an analytical and graphic relationship between
the angles of deviations of the vessels in a microvascular node.

Methods. The system of the Murray's equations is solved, which describes a microvascular node of the
human’s or animal’s circulatory system. Using the apparatus of linear algebra, the linear dependence of
the system of the Murray’s equations is proved. Therefore, one equation of the system of equations was
replaced by the equation of continuity of blood flow. The solution of the new system of equations is the
equation for the angles of the microvascular node, which has not previously been found in the literature.
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The equation is solved using the mathematical packages MATCAD and the algorithmic language Python.

Results. An equation for the angles of deviations from each other of the vessels in a node of the
microvascular circulatory system of a person or an animal is obtained. The equation was solved on a
computer using the mathematical package MATCAD, as well as the algorithmic language Python. As a
result, the graphical relationship between the angles of deviations of the vessels in a microvascular node
of the circulatory system is given, a graph of the dependence of one angle on another is plotted. The
three-dimensional graphs of functions describing the dependence of the angles of deviations of the vessels
from each other in a node of the circulatory system are presented.

Conclusion. The derived equation for the angles of deviations from each other of the vessels in a node of
the circulatory system has the practical application in construction of artificial capillary networks, as well
as pipeline networks for optimal, in terms of energy consumption, pumping oil, gas and any liquid. The
resulting equation can be used for experimental testing of the Murray’s equations.

Keywords: the Murray’s equations, the rules for bifurcation of capillary networks, the principle of
optimality for microvascular nodes

BBepneHue

Bnepsrie y3en MukpococymucToi cetm Maremarmdecku omwmcan C.J[. Myppei B cBoel, CTaBIIeH yxke
KJIACCHUYECKOH, pabote [7]. DopMynbl OH MONYyYHI, MCXOJ W3 IMPHUHIWINA HAUMCHBIIETO JCHCTBUS,
XOPOIIO U3BECTHOTO B MexaHUKe. PaKTUUECKH STOT MPUHLIUII OCHOBAH HA HAUMEHBIICH 3aTpaTe YHEPrUu
KpPOBHU TIPH €€ ABMXEHWW B KamwuiapHoil cetu. [locne 3namenutoit paboter C.JI. Myppes mosBHIOCH
OTPOMHOE KOJMYECTBO PabOT, MOCBAIICHHBIX aHATN3y YpaBHEHUH M WX (H3UYECKOW TpakToBKe [1-4].
Tak B pabore [1] ObuUTH BBeICHBI KBAaHTHI KPOBH M ITOKa3aHo, uTo ypaBHeHuid C.JI. Myppes ciaeayioT u3
3aKOHA COXPAHEHHUs UMITyJIbca KBaHTa KPOBH P €ro JAEJICHNH Ha MMOJKBAHTHI B y3JIe KaMMUIIPHON CETH.
Hano yuects, uro camu ypasaenus C.J[. Myppes ObLIM TOTYYCHBI )T JAMHHAPHOTO JIBUKCHUS KPOBU B
cocyne auameTrpom Oomnee 100 mxm. B cocynax nuamerpom menee 100 MKM BO3HUKAET TypOYJIEHTHOCTD
(3aBUXpEHUE), MPOSBISAIOTCS Bs3KUE cBoiicTBa KpoBu. [lostomy ypaBHenuss C.Jl. Myppes tpeOyroT
MOIU(UKALINY, 2 UMEHHO: BBEJCHHS KOA((UITMEHTa BI3KOCTH, YTO U OBLIO caenaHo B padote [1].

ABTOpPBI IOCTAaBWIIN TIepea co00# 3amady manpHeinero ananmsa ypapaeanii C.J1. Myppesi, onTuMu3amus
WX pelIeHHsd, a TakKe aHalu3 pe3ylbTaTOB Ha KOMIIBIOTEPE C TPUBICYEHHEM OOIIHPHOTO
MaTeMaTU4YecKoro ammaparta. Hamo OTMETHTb, YTO caMU ypaBHEHHS, 3allMCaHHbIC HIDKE, JTHUHEHHO
3aBUCUMBIE, YTO MOKazaHO. I[loaToMy nmnsi uX pelieHws HaJo HCHOJB30BaTh €IE OJIHO YpPaBHEHUE,
OCHOBaHHOE Ha JIpYroM (PM3MYECKOM 3aKOHE, a MMEHHO: Ha 3aKOHE COXPAaHCHHS TOTOKa JKUAKOCTU B
Mukpococyauctom ysne. Coxpansst 1Ba ypaBHeHHs1 B cucteme ypasHenuid C.JI. Myppes m mobaBmsis
HOBOE, MBI TOJYYHM CHCTEMY TPEX HE3aBHCHUMBIX ypaBHeHWH. [lampHeiInas 3amada — 3TO pEIIUTh
MONTyYEeHHYI0 CHCTEMY ypaBHEHHH W BBIBECTH 3aBHCHMOCTH /ISl YIJIOB OTKIIOHEHHWH COCYJIOB B Y3Jie
KalWUIIPHON CETH, 4TO M ObLIO cienaHo. C MOMONIIbI0 ONTHMH3AIMOHHBIX METOJIOB C UCTIOIh30BAHUEM
mrpadHbIX (QYHKIUA C pa3TUYHBIMA HAYaJIBHBIMU TOYKAMH TIOJYYEH MAacCHB JIaHHBIX, TI0 KOTOPOMY
MOCTPOCHO rpauueckoe penieHue ypaBHeHus. 13 rpadukoB BUAHO, YTO YIIIbI OTKIIOHCHHUN 3aBHCAT APYT
OT JApyra COTJIACHO IOIYYCHHOW KPUBOJMHEHHON 3aBHCHUMOCTH, TpadUK KOTOPOW NPHBEICH: 3a1aBas
OJIMH yTOJI, MBI IOJy4YaeT IPyron yroi (yribl).

Ilens wccmenoBanms — BEIIOMHUTE aHanu3 ypaBHeHuid C.J1. Myppes ¢ yCTaHOBIIEHUEM aHATUTHICCKON U
rpaduyeckoil 3aBHCUMOCTH MEXTy c000i YIIIOB OTKIIOHEHHH COCYI0B B MUKPOCOCYAMCTOM Y3JI€.

MeTtoauka

PaznuuHble uccienoBaTed MO-pa3HOMY H3y4arOT cuUcTeMy ypaBHeHUH Myppes. Tak B [1] BMecTo
paluycoB COCYNOB HCIONb3YIOT AMAMETPbl COCYJOB M BBOJUT YIVIBI MEXAY COCYIAaMHU, a HE YIJIbI
OTKJIOHEHMH, KaK 3TO HallMCaHO HUXE, & CAMH YPaBHEHUS TPAKTyeT KaK 3aKOH COXPAaHEHUS UMITyJbca AJis
KBaHTOB KpoBH. B pabote ncnonp3ytorcst o6o3HaueHus us [7].

Pe3yanaTb| nccrnenoBaHunsa U UxX Och)K,quVIe

Hrak, mycTh x U y — YIJIbl OTKJIOHEHHUH (pa3BeTBICHUI) KaIWJIJIIPHBIX COCYA0B B y3ie (puc. 1).
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Puc.1. MuxpococyaucThIi y3ell KpOBEHOCHON CHCTEMBI C YIJIaMU OTKJIOHEHUH X U Yy

IlycTe Takxke ro, 1, 1> — paARyChl KAMWLIAPHBIX cocyAoB 0,1,2 cooTBeTcTBEHHO. Torna ypaBHEHUS
Myppes mst cocynos 0, 1, 2, n300paxkeHHBIX Ha puC. 1, 3aruchIBatoTCs B BUe [6, 7]

s = (cosx)ri + {cosy)r3
i = (—cos(x +y))ri + (cosx)r§
2 = —cos(x4+v)+T + (cosy)rg

ITokaxxeM, YTO [aHHAs CHCTEMa IMHEHHO 3aBUCHMas, €CIM €€ pAacCMaTpuBaTh KaK CHCTEMY
OTHOCHMTENILHO MEPEMEHHBIX Io%, 1%, 12, TlomcraBum 12 BO BTOPYIO M TPETBIO (POPMYJIBI, IPUBEIEM

mojgo0HBIe. B vTOTE MONMyYnM cucTEMY
Sx a2 142 = D
(sin”x)r; —(sinx)(siny)r5 =

—(sinx)(siny)r] + {s:’nz _}-f]'.l"; =10
KOTOpast JINHEHHO 3aBUCUMasl, TAK KaK OMPE/ICIUTENb 3TON CHCTEMBI PABCH HYJIIO
_ sin“x —(simx)(siny)|_
T | —(zinx) (siny) sinly =0.
ITosTOMYy BMECTO TIEPBOTO YpaBHEHUS 3alHINEM yPaBHEHHE HETPEPHIBHOCTH MOTOKA [6-7], W3 KOTOPOTO
CJIEZTyeT PaBEHCTBO JIJIsl KyOOB:

:r'[;.:'l = r% + r%.
3T0 paBeHCTBO I 0OBEMOB KBAHTOB KPOBH B TOUKE Pa3BETBICHHUA COCYy/AaX. BrepBble TEPMHUH «KBaHT»
KpoBu Ob11 BBelieH B [1]. Tlomyuaem HOBYIO cuCTeMy ypaBHEHUH

= 47
i = (—ecos(x + )03 + (cosx)r
:r'% = —cos(x+ }-‘} 'r% + {cusy:]*r%

OTHOCHTENILHO IIEPEMEHHEIX To2, T12, T2?
B pesynbTate npeoOpa3zoBaHuii MOTyyaeM ypaBHEHHE OTHOCUTEIHLHO YIJIOB X, V.

Jw

[

cosx — coslx + _j,-':] cosy 42 COsY — Ca slx + _j,-':] COSX
1-—- — — — 0.,
sin®(x + y) sin®*(x + y)
CJICACTBUCM KOTOPOTO ABJISICTCA YPABHCHUC
sint?*(x + v) = sin**(y) + sin~ (x). @)

Ha snexTpoHHON BBIYMCIUTENHHONW MalIMHE OBUIO MPOMOJIEIMPOBAHO DPEIIEHHE ITOr0 YpaBHEHHWS Ha
si3pike Python. [[ns pa3nuuHbeIx HayanpHBIX 3HaYCHUH X 4epe3 y(X) 0003HAYMM pEILICHUE HAMKMCAHHOTO
BBIILIE YpaBHEHMUS, T.€.
sin*(x + y(x)) = sin'*(y(x)) + sin™*(x).

[Tonmyyen 6ONBIION MacCHB AaHHBIX, IO KOTOPOMY ITOCTPOCH Ipa(yK PEeICHHUs, IPUBEICHHBINA HIKE.
TTocTporM MOBEPXHOCTH

e,y = sin ™ (x +y) — zin*F(y) —zin 5 (x)
U HaliJieM ee ceueHue TUI0CKOCThI0, napaenbHoi X0Y Ha yposHe z (X, y) = 0.
Ilpu x [U: ':‘] = [U: —] MOJTy4eH TpadyK MOBEPXHOCTH Z=Z(X,Y), N300paXKeHHBII Ha puc. 2..
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Puc. 2. I'paduk moBepxHOCTH Z=7 (X, y) U X E [D: E] = [ﬂ: ;ﬁ]

3aBucHUMOCTh  pemieHust ypaBHeHus (1), koTopoe Mbl O0O3HauWwiIM 4Yeped y(X), HMMEET BHII,
M300paKeHHBIH Ha puc. 3.

™S

~

™

EAETIETIE AU

Vg g W e

Puc. 3. I'paduk 3aBucuMOCTH perieHus y=y(X)

Jlnst Gonee JIETANBHOTO M3y4eHUs MOBEPXHOCTH z=7(X,y) MOCTpoeH Tpadpuk (QyHKImHM z=z(X,y) IS
x € [0 2nl.y € [0:2n] , xoTOpBII HMeET BUL, TIOKA3aHHBIN Ha pHC. 4.

Puc. 4. I'padux dyuxuun z=z (X, y) mis x € [0; 2zl y € [0; 2]
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VYpasuenue (1) MOXKHO TiepenucaTh B 0osiee ynoOHOM BUe. BBeneM yriibt

U =T —x, 'l-'l-':'i"u!-'—}-‘_. ":J.'+J.-‘.
OT0 yrasl Mexay cocyaaMu. Ilockonbky
siny = sin{m — u) = sinu, giny = sin(m = w) = sinw, X+ ¥ =1

mo3TOMY ypaBHeHHe (1) MOXKET OBITH ITEPEIHCaHO B BHIIC

s:'ﬂi ';(1:} = Sfﬂi ":'(w} + Sf‘J‘Li ':'(uj
W3ydyenneM cucteMsl ypaBHEHMH Myppes, momydeHHoW okoio 100 yer Ha3aj, 3aHMMArOTCS MHOTHE
uccienosarenu [1-7]. Ota cucremMa WMHTEpecHa TEM, YTO OHA OMKCHIBAET MOPQOJIOTHIO KPOBEHOCHOM
CHCTEMBI YeJIOBEKa U JII0O0ro >kKMBOTHOro. KpoBeHOCHast cucTeMa MMEET OIPOMHYIO MPOTSDKEHHOCTb.
KpoBb BHKETCS IO KPOBEHOCHBIM COCYIaM MPaKTHYECKH 0€3 TPEeHUsl, MHa4e cep/lle HEe CIPaBUIIOCH Obl
CO CBOEH 3a1ayeil.

Ienpio uccnenoBaHusl SBUIOCH PEIICHUE CUCTEMBbl ypaBHeHHM Myppes, KoTopas SBISETCS JTUHEHHO
3aBUCMMOI. bbuta monydyeHa NHMHEHHO HE3aBUCHUMAsi CHCTEMa YpaBHEHUM, CBS3BIBAIOLIAS PaIUyChl
KPOBEHOCHBIX COCYIOB W YIIBI OTKJIOHEHHH COCYIOB B Yy3Jie KPOBEHOCHOW cHCTeMBl. Pernennem
YpaBHEHUH SBIAETCS YpaBHEHHE IJI YTJIOB OTKIOHEHHH COCYJOB B y3J1€ KPOBEHOCHOW CHCTEMBI.
AHaNIUTUYECKH PEIINTh MOJYYeHHOE YpaBHEHHE HE YAAETCs, MOATOMY TNPHUMEHSIOCH Tpadudeckoe
peleHne Ha KOMIBIOTEPE C MOMOIIBI0 MATEMAaTHIECKHX ITAaKETOB U aJlTOPUTMUYECKOTO si3bIka Python.

Pemenne nmomyueHHOro ypaBHEHH Ha KOMIIbIOTEpE (pUC. 2-4) BayKHO AJIA MPAKTUUYECKOTO IPUMEHEHMS.
OTO pelIeHne 1aeT HaM BO3MOKHOCTD MOHSTh, KaK yCTPOEHA Hallla KanwuIspHas ceTb 11 ee 3D monenu.
Pe3ynpTaThl HACTOSIIETO MCCIIEAOBAHUS MOTYT OBITH MCIOIB30BAHBI MPU Pa3padOTKe MUKPOMAITHHHBIX
KAOCpHETHYECKUX  MarGopM W TEXHOJNOTMH Ui  KyJbTHBUPOBAHHS  CaMOPa3BHUBAIOIIUXCS
(YHKIIMOHUPYIOMINX 3HJIOTEIUANBHBIX KAaNWJUIPHBIX CETEeH in Vitro B MPOCTPAHCTBE OPraHW30BAHHBIX
MHUKPOIIOTOKOB MHUTATENIbHOIN cpeabl 1 OnodabpuKalMyu Ha MX OCHOBE TKAHEMOJOOHBIX 00pa30BaHUN U
OpPraHoOMOJOOHBIX  CTPYKTYPHO-QYHKIHOHAIBHBIX EOUHHML C 33JaHHBIMH  OHOJOTMYECKUMH U
(yHKIMOHATBHBIMU CBOMCTBAMH, KOTOPBIE CO3JJAI0TCS B paMKaX MPOBOAUMBIX ITPOECKTOB.

[Mony4yeHHbIe ypaBHEHUS U UX PEIICHUS HAa KOMITLIOTEPE BAXKHBI JUIS ONTUMAILHON TepeKadyku HEQTH,
rasa M JF000H JKUAKOCTH MO ceTd TpyOompoBoaoB. CeTu TpyOOIPOBOIOB, IMOCTPOCHHBIE Ha OCHOBE
MOJYYECHHBIX YpaBHEHUS, OYAyT ONTUMAILHBIMH B CMBICIIE 3aTpaTa SHEPTHH JJIS IEPEKAYKH.

I[aaneﬁmaﬂ 3aga4a — O3TO OKCIHCPUMCHTAJIbHAsA TMPOBCpPKA IMOJYUCHHOI'O0 YpPaBHCHHA, NPUMCHAA
CTaTUCTUYCCKYIO 06pa60TKy (¢ HpOBepKOﬁ Ha  JOCTOBCPHOCTH MOJTYYCHHBIX PE3yIbTATOB.
3KCHepI/IMeHTaHBHaH IMPOBCPKA MOJYYCHHOI'O YPAaBHCHHA MPOIIC, YCM CHUCTCMbI U3 TPCX ypaBHeHI/Iﬁ
Myppeﬂ, TaK KaK OHO OJHO U B HETO HC BXOIAT paJuyChl COCYya0B KpOBeHOCHOfI CUCTCMBI.

BbiBOAbI

1. IlpuMeHeHne MONYyYEHHOTO YpaBHEHMS Ui YIJIOB MEXAY COCYAaMH B y3J€ KPOBEHOCHOM CHCTEMBI
MO3BOJIAET  IMOCTPOUTH €€ TPEXMEPHYI0 MOJENb, 4YTO BaXXHO [  KYyJbTUBHPOBAaHUA
caMopa3BUBAIOIINXCS (YHKIMOHUPYIOIINX YHAOTEINATBHBIX KaTUIUISIPHBIX CETEH.

2. HeoOX0auMO HCIIONB30BAThH MONYUYEHHOE YpaBHEHHE B TEXHHKE MPH MPOKIAIKE TPYOOIPOBOIHBIX U
BOJIONIPOBOJIHBIX CETEH IS mepeKadyku HepTH, raza wim 000 KUAKOCTH.
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